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Introduction

Physics-Informed Neural Networks (PINNs) offer a promising ap-
proach to solving differential equations. We adopt a recently devel-
oped transfer learning approach for PINNs and introduce a multi-
head model to efficiently obtain accurate solutions to nonlinear sys-

tems of DEs. We apply the method to simulate stochastic branched |

flows, a universal phenomenon in random wave dynamics. We com-
pare the results achieved by feed forward and GAN-based PINNs on
two physically relevant transfer learning tasks (initial condition TL
and potential TL).

The standard unsupervised neural network approach was introduced
in [1] and can be used to solve differential equations of the form

L (u(t,x)) = 0, (1)

where x = (z1,...,7,), u : R*"! — R and L is a differential operator.
During training, we sample M training points (¢, x) from the domain

of the equation D and use this vector as input to a FENN, which out-
puts the neural solution uy(¢,x). We re-parametrise this output into
Ug(t, x) to satisfy initial and boundary conditions exactly. Using auto-
matic differentiation, we compute the derivatives of this output with
respect to each of the independent variables and build the loss:
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In [2], Desai et al. show that one-shot transfer learning can be used to
obtain accurate solutions to linear systems of ODEs and PDEs, thereby
eliminating the need to train the network from scratch for a new lin-
ear system. We build upon this work by proposing a method that
can be applied to non-linear systems. This method consists of two
phases. First, we train a base neural network with multiple output
heads, solving the system for a range of different configurations (e.g.,
initial conditions or potentials). Second, we freeze the weights of the
base network and fine-tune new linear heads on a new task.
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Bullwinkel et al. [2] noted that there is no theoretical reason to use the
Lo norm of the residuals (as in (2)) over any other loss function and
proposed DEQGAN, which extends the FFNN method for PINNs to
GANSs and can be thought of as “learning the loss function.” Rather
than computing a loss over the equation residuals, DEQGAN labels
these vectors “fake” data samples and zero-centered Gaussian noise
as “real” data samples. As the discriminator gets better at classifying
these samples, the generator iy is forced to propose solutions such
that the equation residuals are increasingly indistinguishable from a
vector of zeros, thereby approximating the solution to the differential
equation.

Stochastic branched flow is a universal wave phenomenon that oc-
curs when waves propagate in random environments. Branching has
been observed in tsunami waves, electromagnetic waves in gravita-
tional fields and electronic flows in graphene [3]. We can model a
two dimensional branched flow by considering a particle with posi-
tion x = (z, y) and velocity p = (p;,p,), both functions of time ¢, trav-
eling through a weak random potential V (z, y). With the Hamiltonian

For both the FEFNN and DEQGAN models, we use networks with
a base consisting of 5 hidden layers and 40 nodes. We then use L
linear layers for the heads. Each head is responsible for the solu-
tion to one ray, i.e., one initial condition z;(0) = (0, y;(0),1,0), where
|l =1,...,L, and has four outputs corresponding to z, y, p, and p,.
For head [, we denote the outputs as u; 1, u; 2, u; 3 and u; 4. We use the
initial value re-parameterization proposed by Mattheakis et al. in [4]

(4)

l=1,...,L;i = 1,...,4 which forces the proposed solution to be ex-
actly z;(0) when ¢t = 0 and decays this constraint exponentially in ¢.

U, (t) = [2(0)]; + (1 —e™") w(t),

H(x,p) = ||pl|3/2 + V (x) we obtain Hamilton’s equations, given by
the following system of ODEs

y(t) = py(?)
3 () = _8V(mgi, y(t)) (3)
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Particle trajectories through two weak potentials. The trajectories are
generated by FFNN models. On the left plot, black lines correspond
to the trajectories for 11 evenly spaced initial conditions that are used
for base training on a first potential. Blue lines show the solutions
obtained via transfer learning after freezing the base for 100 evenly
spaced initial conditions on the same potential (left plot) and on a sec-
ond potential (right plot). The color bars indicate the value of the po-
tential.
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Epochs vs. Ly norm of the equation residuals for single-head (clas-
sical), multi-head (base training) and single-head (Initial Condition
Transfer) runs using DEQGAN (left) and FFNN (right) models. The
multi-head model losses are computed by averaging over the 11
heads.
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